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Abstract
A graph is called v-pancyclic if it contains a cycle of length l containing a given vertex v
for 36l6n, and a graph G is called vertex pancyclic if G is v-pancyclic for all v. In this
paper, we show that it is NP-complete to determine whether a 3-connected cubic planar graph
is v-pancyclic for given vertex v, it is NP-complete to determine whether a 3-connected cubic
planar graph is pancyclic, and it is NP-complete to determine whether a 3-connected planar
graph is vertex pancyclic. We also show that every maximal outplanar graph is vertex pancyclic.
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1. Introduction
A Hamiltonian cycle in a graph is a walk which passes through every vertex exactly
once and returns to the starting vertex. As noted in [1] the complexity status of the
Hamiltonian cycle problem, including for restricted families of graphs, has received
considerable attention. In particular, Garey et al. [2] showed that the Hamiltonian cycle
problem is NP-complete even for 3-connected cubic (i.e., 3-regular) planar graphs. Thus
the Hamiltonian cycle problem for these highly restricted graphs is as dicult as for
arbitrary graphs.
In this paper we provide similar results for various versions of the pancyclicity prob-
lem. A graph G on n vertices is called pancyclic if it contains a cycle of length l for
36l6n. A graph G of order n is called v-pancyclic if it contains a cycle of length
l containing a given vertex v for 36l6n and G is said to be vertex pancyclic if it
is v-pancyclic for each vertex v of G. It is easy to prove that determining whether an
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arbitrary graph is pancyclic (or vertex pancyclic) is NP-complete. In this paper, we ex-
plore the NP-completeness of these various pancyclicity problems on highly restricted,
notably planar, graphs.
A graph is called claw-free if it does not contain a copy of K1;3 as an induced
subgraph. A cycle of length k is called a k-cycle.
2. Results
As stated above, determining whether an arbitrary graph is pancyclic (or vertex
pancyclic) is NP-complete. In this section, we show that both the v-pancyclic problem
and the pancyclic problem are NP-complete for 3-connected cubic planar graphs. First
we obtain the following fact.
Lemma 2.1. The Hamiltonian cycle problem is NP-complete for 3-connected cubic
claw-free planar graphs.
Proof. The problem is clearly in NP, so it is only necessary to show that it is NP-hard.
The reduction is from the recognition problem for Hamiltonian 3-connected cubic planar
graphs, which was shown to be NP-hard in [2]. Let G be a 3-connected cubic planar
graph, and G0 be the graph derived from G by replacing every vertex of G with a
triangle K3 such that each vertex of K3 is adjacent to exactly one of the neighbors of
the original vertex. Then G0 is a 3-connected cubic claw-free planar graph and G0 has
a Hamiltonian cycle if and only if G has a Hamiltonian cycle.
Theorem 2.2. It is an NP-complete problem to determine whether a 3-connected cubic
planar graph is v-pancyclic.
Proof. The problem is clearly in NP, so it is only necessary to show NP-hardness. The
reduction is from the recognition problem for Hamiltonian 3-connected cubic claw-free
planar graphs, which is shown to be NP-hard in Lemma 2.1. Let G be a 3-connected
cubic planar claw-free graph on n vertices (where n> 4 to exclude K4) and let v3 be
the given vertex v in G. We now construct a new graph G0 from G.
Since G is claw-free, cubic, 3-connected and n> 4, every vertex of G is contained
in exactly one triangle. Let the triangle containing v3 be v1v2v3v1 = R. Let v0i be the
unique neighbor of vi outside R (i = 1; 2; 3). Since every vertex of G is in a unique
triangle, the vertices v01, v
0
2, v
0
3 are pairwise distinct (see Fig. 1).
Now we construct a new graph G0 from G. From T , the subgraph induced on
fv1; v2; v3; v01; v02; v03g, we obtain T 0 by adding n−1 distinct vertices u1; : : : ; un−1 into the
edge v3v1 and n − 1 distinct vertices w1; w2; : : : ; wn−1 into the edge v3v2 in R, adding
vertices un and wn into v3v03 and adding edges uiwi+1 (16i6n − 1), and unw1 (see
Fig. 2). The graph G0 is obtained by replacing T in G with T 0. We see that G0 has
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Fig. 1.
Fig. 2.
order 3n and is a 3-connected cubic planar graph. Next we prove that G0 is v3-pancyclic
if and only if G is Hamiltonian.
Suppose that G is Hamiltonian. We easily see that v3 is contained in the triangle
v3unw1v3 of G0. v3 is contained in the 2k-cycle
v3u1u2    uk−1wkwk−1   w1v3
and in the (2k + 1)-cycle
v3u1u2    uk−1wkwk−1   w1unv3
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for k = 2; : : : ; n− 1. Thus, up to now, we have proved that there is a cycle of length
l containing v3 for l= 3; 4; : : : ; 2n− 1. There are three cases for arranging v1; v2; v3 on
a Hamiltonian cycle C of G, namely, C = v03v3v1v2v
0
2    v03, or C = v03v3v2v1v01    v03 or
C = v02v2v3v1v
0
1    v02. We now consider these three cases to prove that G0 has a cycle
of length l for l=2n; : : : ; 3n. Let P=C −fv3; v2; v1g. Then P is a path of order n− 3
in G.
Case 1: C = v03v3v1v2v
0
2    v03.
Note that P is also a path of order n− 3 with endvertices v02 and v03 in G0. Clearly,
C2n = P [ fv03wnunv3w1   wn−1v2v02g;
is a 2n-cycle of G0 containing v3 and we see that
C2n+1 = P [ fv03wnunw1v3u1w2w3   wn−1v2v02g
is a (2n+ 1)-cycle of G0 containing v3. It is easy to see that
C2n+2 = unv3u1u2    un−1v1v2wn−1wn−2   w1un
is a (2n + 2)-cycle of G0. Replacing the edge wn−1v2 on the cycle C2n and on the
cycle C2n+1 by the path wn−1un−2un−1v1v2, we obtain a (2n + 3)-cycle C2n+3 and a
(2n+ 4)-cycle C2n+4 in G0, respectively. Since G is cubic, n must be even. Let
P3 = w3u2u3w4; P5 = w5u4u5w6; : : : ; Pn−3 = wn−3un−4un−3wn−2
and let
e3 = w3w4; e5 = w5w6; : : : ; en−3 = wn−3wn−2:
Then e3; e5; : : : ; en−3 are edges in both C2n+3 and C2n+4. Thus,
(C2n+3 − fe3; : : : ; ekg) [ P3 [    [ Pk;
is a (2n+ 2 + k)-cycle of G0 containing v3 and
(C2n+4 − fe3; : : : ; ekg) [ P3 [    [ Pk
is a (2n+3+k)-cycle of G0 containing v3 for k=3; 5; : : : ; n−3. Thus, we have proved
that there is a cycle of length l containing v3 for l= 2n; 2n+ 1; : : : ; 3n, and so Case 1
is settled.
Case 2: C = v03v3v2v1v
0
1    v03.
Note that P is also a path of order n−3 with endvertices v01 and v03 in G0. Obviously,
C2n = P [ fv03wnunv3u1    un−1v1v01g
is a 2n-cycle of G0 containing v3 and
C2n+1 = P [ fv03wnunw1v3u1    un−1v1v01g:
is a (2n + 1)-cycle of G0 containing v3. Recall that n is even. Considering paths
Pk = uk−1wkwk+1uk and edges ek = uk−1uk for k = 2; 4; : : : ; n− 2, we see that
(C2n − fe2; : : : ; ekg) [ P2 [    [ Pk
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is a (2n+ k)-cycle of G0 containing v3 and
(C2n+1 − fe2; : : : ; ekg) [ P2 [    [ Pk
is a (2n+ k + 1)-cycle of G0 contaning v3 for k = 2; 4; : : : ; n− 1. Note that
C3n = P [ fv03wnun−1un−2    u1v3unw1w2   wn−1v2v1v01g
is a Hamiltonian cycle in G0. Thus we have proved that there is a cycle of length l
containing v3 for l= 2n+ 2; : : : ; 3n. Therefore Case 2 is settled.
Case 3. C = v02v2v3v
0
1    v02.
Note that n is even. Clearly,
C2n = un−1wnunv3(u1w2w3u2)    (ukwk+1wk+2uk+1)    (un−3wn−2wn−1un−2)un−1
is a 2n-cycle of G0 containing v3, and
C2n+1 = un−1wnunw1v3(u1w2w3u2)    (ukwk+1wk+2uk+1)   
(un−3wn−2wn−1un−2)un−1
is a (2n+ 1)-cycle of G0 containing v3. G0 has a (2n+ 2)-cycle
C2n+2 = P [ fv01v1un−1wnunv3w1w2   wn−1v2v02g
containing v3 and a (2n+ 3)-cycle
C2n+3 = P [ fv01v1un−1wnunw1v3u1w2w3   wn−1v2v02g
containing v3. Let
P2 = w2u1u2w3; P4 = w4u3u4w5; : : : ; Pn−2 = wn−2un−3un−2wn−1
and ek = wkwk+1 for k = 2; 4; : : : ; n− 2. Then
C2n+2+k = (C2n+2 − fe2; e4; : : : ; ekg) [ P2 [ P4 [    [ Pk
is a cycle of length 2n + 2 + k containing v3 for k = 2; 4; : : : ; n − 2. Let Qk+1 =
wk+1ukuk+1wk+2 and e0k+1 = wk+1wk+2 for k = 2; 4; : : : ; n− 4. Then
C2n+3+k = C2n+3 − fe03; e05; : : : ; e0k+1g [ Q3 [ Q5 [    [ Qk+1
is a (2n+ k +3)-cycle of G0 containing v3 for k =2; 4; : : : ; n− 4. Thus G0 has a cycle
of length l containing v3 for l= 2n; 2n+ 1; : : : ; 3n. So Case 3 is settled.
It is easy to check that if G0 is v-vertex pancyclic for any v, then G is Hamiltonian.
Thus, we have completed the proof of Theorem 2.2.
From the proof of Theorem 2.2, we deduce the following theorem.
Theorem 2.3. It is NP-complete to determine whether a 3-connected cubic graph is
pancyclic.
Now we want to know whether the vertex pancyclic problem is NP-complete for
graphs with similar tight restrictions. In the following, we show that it is NP-complete
to determine whether a 3-connected planar graph is vertex pancyclic.
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Fig. 3.
Theorem 2.4. It is NP-complete to determine whether a 3-connected planar graph is
vertex pancyclic.
Proof. The problem is clearly in NP, so it is only necessary to show NP-hardness. The
reduction is from the recognition problem for Hamiltonian 3-connected cubic claw-free
planar graphs, which was shown to be NP-hard in Lemma 2.1. Let G be a 3-connected
cubic planar claw-free graph on n-vertices (n>6). We now construct a new graph G0
from G.
Since G is claw-free, cubic and 3-connected, every vertex v of G is contained in
exactly one triangle and there are n=3 triangles T1; T2; : : : ; Tn=3 in G. We construct
T 0i from Ti by adding n vertices within Ti and joining these vertices as Fig. 3 (i =
1; 2; : : : ; n=3). Now we replace Ti by T 0i for i=1; 2; : : : ; n=3 to obtain the graph G
0, and
prove that G0 is vertex pancyclic if and only if G is Hamiltonian.
It is easy to see that G is Hamiltonian if G0 is vertex pancyclic.
Conversely, assume that G is Hamiltonian. Let a be any vertex of G0. We may
assume that a belongs to V (T 01). Clearly, a belongs to a cycle of length l in T
0
1 for
36l6n+ 3. The following two claims are obvious.
Claim 1. For all u; v 2 V (Ti); there are (u; v)-paths in T 0i of order l for every l with
26l6n+ 3 (i = 1; 2; : : : ; n=3).
Claim 2. For all u; v 2 V (Ti); and w 2 V (T 0i ); there are (u; v)-paths containing w in
T 0i of order l for every l with 46l6n+ 3 (i = 1; 2; : : : ; n=3).
Starting from a Hamiltonian cycle C of G and using Claims 1 and 2 one readily
sees that a lies on a cycle of length l for every l with n+16l6jV (G0)j (=n+n2=3).
It follows that G0 is vertex pancyclic.
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In light of Theorems 2.3 and 2.4 it would be interesting to determine whether
NP-completeness could hold under further restrictions. Similarly, one could ask what
restrictions ensure that a planar graph is pancyclic or vertex pancyclic. In this vein,
Bondy conjectured that a planar Hamiltonian graph with minimum degree at least 4 is
pancyclic. But this conjecture was disproved by Malkevitch [3], who gave an example
of a 4-regular (or 5-regular) non-pancyclic planar Hamiltonian graph and an example
of a 4-connected non-pancyclic planar Hamiltonian graph.
A planar graph is called outerplanar if it can be embedded in the plane so that all
its vertices lie on the same face. We know that a graph is outerplaner if and only if
each of its blocks is outerplanar. It is easy to see that an outerplanar graph need not
be vertex pancyclic (e.g. C4). An outerplanar graph G is maximal outerplanar if no
edge can be added without losing outerplanarity. Clearly, every maximal outerplanar
graph is embeddable as a triangulation of a polygon and is 2-connected, while every
maximal plane graph is a triangulation of the sphere. We have the following result.
Proposition 2.5. Every maximal outerplanar graph is vertex pancyclic.
Proof. Let G be a maximal outerplanar graph on n vertices. Then G is 2-connected
and has at least two vertices of degree 2. We use mathematical induction to prove
the proposition. If n= 3, then G is a triangle and obviously is vertex pancyclic. Now
assume n>4 and let v be any vertex of G, and u be a vertex of degree 2 such that
u 6= v. Suppose that the proposition is true for a maximal outerplanar graph on n− 1
vertices. Let u be adjacent to w and x. Then deleting vertex u, we obtain a new
maximal outerplanar graph G0 on n−1 vertices. By the inductive hypothesis, we know
that v is contained in a cycle of length l in G0 for 36l6n − 1, and hence in G.
Since G is Hamiltonian, v is also contained in a cycle of length n. Thus G is vertex
pancyclic.
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